We construct Hermitian representations of Lie algebroids and associated unitary representations of Lie groupoids by a geometric quantization procedure. For this purpose we introduce a new notion of Hamiltonian Lie algebroid actions. The first step of our procedure consists of the construction of a prequantization line bundle. Next, we discuss a version of Kähler quantization suitable for this setting. We proceed by defining a Marsden-Weinstein quotient for our setting and prove a "quantization commutes with reduction" theorem. We explain how our geometric quantization procedure relates to a possible orbit method for Lie groupoids. Finally, we investigate the functorial behaviour of these constructions under generalized morphisms of groupoids. Our theory encompasses the geometric quantization of symplectic manifolds, Hamiltonian Lie algebra actions, actions of families of Lie groups, and foliations, as well as some general constructions from differential geometry.
Introduction
The aim of this paper is to give a method to construct Hermitian representations of Lie algebroids and associated unitary representations of Lie groupoids. An important way of constructing representations of Lie algebras and Lie groups is by geometric quantization (cf. [38] , [12] , [14] ). In this paper this procedure will be generalized to Lie algebroids and Lie groupoids.
A groupoid is a small category in which all arrows are invertible. In particular, it consists of a base set M and a set of arrows G, with a number of structure maps: the source and target map s, t : G → M , composition m : G s × t G → G, an inverse map i : G → G and a unit map u : M → G, satisfying certain properties. If there exist smooth structures on the sets M and G such that the structure maps behave well then G is called a Lie groupoid. A general reference for Lie groupoids is the book by K. Mackenzie [19] . Lie groupoids are the right structures to work with for orbifolds (cf. [28] ), Lie group actions, and foliations (cf. [24] ). They are also very useful in the study of manifolds with boundaries or corners (cf. [25] ) and play a decisive rôle in Poisson geometry (cf. [19] , [34] ).
The point of view in this paper is that a groupoid action is a structure that represents the internal and external symmetry of a manifold in a unified way (cf. [35] ). Suppose N can be decomposed in submanifolds N m := J −1 (m) for a map J : N → M , which all have "internal" symmetry given by actions of Lie groups G m m on N m for each m ∈ M . Diffeomorphisms between the fibers J −1 (m) are seen as the "external" symmetry. This situation is modelled in the best way by a Lie groupoid G action on the map J : N → M (cf. Section 1.1).
The infinitesimal structure associated to a Lie groupoid is a Lie algebroid. A Lie algebroid is a smooth vector bundle A → M with a Lie bracket on the space of smooth sections Γ ∞ (A) and a bundle morphism ρ : A → T M , called the anchor, satisfying a Leibniz identity for f ∈ C ∞ (M ) and τ, σ ∈ Γ ∞ (A), viz.
We shall often assume that Lie algebroids A are regular, i.e. im(ρ)) ⊂ T M has locally constant rank. If A is the Lie algebroid associated to a Lie groupoid G, then this condition implies that the orbit foliation on M of the groupoid G is regular. A Lie groupoid with regular orbit foliation is called regular. For example, transitive Lie groupoids,étale Lie groupoids and smooth bundles of Lie groups are regular. The regularity assumption is necessary to give proofs of some of the statements, but many constructions are possible to some extent in singular cases too.
We now give an outline of the paper, including some more details on the content. In the first section we recall the notion of a Lie groupoid or Lie algebroid action on a map J : S → M . The introduction of Hamiltonian actions of Lie algebroids (and Lie groupoids) proceeds in two steps. First, for the case that S is endowed with a family of symplectic forms ω we introduce the notion of an internally Hamiltonian action of a Lie algebroid. The word "internal" refers to the fact that we only consider the symmetry of the fibers J −1 (m) for m ∈ M , which is represented by the action of the isotropy Lie algebra's A m for m ∈ M . This action is internally Hamiltonian if there exists an internal momentum map, which is a map µ : S → J * ker(ρ) * , satisfying certain natural conditions. The second step considers the case that ω extends to a closed formω on S (which we shall call a J-presymplectic form). Then, one can proceed by defining the notion of a Hamiltonian action, as is done section 1.4. An action will be called Hamiltonian if there exists a lift of the internal momentum to a momentum map µ : S → J * A * , satisfying natural conditions. We shall give many examples to motivate this definition. Some of the examples will return throughout the paper. Section two is devoted to the construction of prequantization line bundles with a linear action of the Lie algebroid, based on the data of a Hamiltonian Lie algebroid action. In section 2.4 we briefly discuss the possible integrability of such a representation to a representation of an integrating Lie groupoid for the Lie algebroid.
In the third section we obtain a representation of the Lie algebroid through generalized Kähler quantization. To this effect we need J : S → M to be a bundle of compact Kähler manifolds. Next, we study the issue of symplectic reduction of Hamiltonian groupoid actions (a generalized Marsden-Weinstein quotient). Finally we prove a "quantization commutes with reduction theorem" for regular proper Lie groupoids. The proof almost completely relies on the 'quantization commutes with reduction theorem" for compact Lie groups.
In the final section we study the behaviour of our constructions under generalized morphisms (and Morita equivalence) of groupoids.
The orbit method as developed by Kirillov (cf. [14] ) is based on the idea that there should be a certain correspondence between the irreducible unitary representations of a Lie group and the coadjoint orbits in the dual of its Lie algebra. This method works very well for nilpotent Lie groups (cf. [4] ) and compact Lie groups (the Borel-Weil theorem). There are also nice results for reductive Lie groups (cf. [33] ) and even for quantum groups (cf. [15] ). One might wonder if such a principle is also useful for Lie groupoids. In this paper we shall see that the answer is affirmative, although a smooth bundle of coadjoint orbits is not the only ingredient for a representation. One needs some more structure to take care of the global topology. Moreover, one should realize that the coadjoint orbits are subsets of the dual of the Lie algebroid of the isotropy groupoid (which equals the dual of the kernel of the anchor). Although the isotropy groupoid is in general not smooth, it plays an essential rôle in understanding the representation theory of G.
The theory presented in this paper should be distinguished from the theory of symplectic groupoids and their prequantization (cf. [36] ). Symplectic groupoids were introduced by Alan Weinstein and others in a program to geometrically quantize Poisson manifolds. This is not the purpose of this paper. We neither assume any (quasi-)(pre-)symplectic structure on the Lie groupoid, nor do we construct the geometric quantization of a Poisson manifold. Also, our notion of momentum map differs from the notion in [22] .
The author would like to thank Eli Hawkins, Peter Hochs, Klaas Landsman, Hessel Posthuma, Marius Crainic, Gert Heckman, Ieke Moerdijk and Michael Mueger for discussions, suggestions, interest and support at various stages of the research.
1 Hamiltonian Lie algebroid actions
Actions of groupoids and Lie algebroids.
The material in this section is standard (see [19] ), except for the introduction of symplectic and presymplectic actions.
Suppose G is a Lie groupoid over M , with source map s : G → M , target t : G → M , unit map u : M → G, inversion i : G → G and composition (or multiplication) m : G (2) := G s × t G → G. We shall use the notation i(g) = g −1 , m(g, g ′ ) = g g ′ and u(m) = 1 m . Suppose N is a smooth manifold and J : N → M a smooth submersion map. 1 J(n) · n = n for all n ∈ N, (1.2)
g · (g ′ · n) = (gg ′ ) · n for all (g, g ′ ) ∈ G (2) and n ∈ J −1 (s(g ′ )), (1.3) using the notation g · n := α(g, n).
We shall also use the notation α(g)(n) := α(g, n) There is an analogous notion of a right smooth action. One can show that the G-orbits in N are smooth submanifolds of S. Note that these orbits are equal to the fibers of the mapJ := p • J : N → M/G, where p : M → M/G is the quotient map from M to the orbit space M/G. These orbits form a regular foliation of N , if G is a regular Lie groupoid.
Example 1.2
We mention three basic examples here, all arising from the groupoid G itself. Firstly, one has the action of G on its base M by g · s(g) = t(g). Secondly, one has the action of G on t :
Thirdly, one has a non-smooth action of G on the associated isotropy groupoid (which is in general not a smooth manifold, unless G is regular)
for all g ∈ G.
for all X, Y ∈ Γ ∞ (A) and f ∈ C ∞ (M ). 
(cf. [19] ).
An action of a Lie algebroid A on a continuous bundle of symplectic manifolds (J :
is a regular Lie algebroid. The image ρ(A) ⊂ T M of the anchor is a integrable distribution, which induces a foliation F ρ on M . Suppose a map J : N → M is smooth map. Denote this composition byJ :
(S) is a J-presymplectic form. Then the action is said to be presymplectic if L α(X)ω = 0 for all X ∈ Γ ∞ (A). Associated to a Lie algebroid action of A on J : N → M there is an action Lie algebroid A ⋉ J. Denote the pullback of A → M along J : N → M by J * A → N . The space of sections Γ ∞ (J * A) is generated by sections of the form f J * X for f ∈ C ∞ (N ) and X ∈ Γ ∞ (A). A Lie bracket on the smooth sections is defined by
where f, g ∈ C ∞ (N ) and X, Y ∈ Γ ∞ (A) and the anchor
is given by
Suppose a Lie groupoid acts on a map J : N → M . It induces an action of the Lie algebroid A(G) on J : N → M and the action Lie algebroid A(G) ⋉ J is isomorphic to the Lie algebroid A(G ⋉ J) associated to the action Lie groupoid.
Internally Hamiltonian actions and internal momentum maps.
In this section we introduce the notion of internally weakly Hamiltonian Lie algebroid action. This notion and the notion of internally strongly Hamiltonian Lie algebroid action, introduced in the next section, should be seen as an intermediate stage towards defining Hamiltonian actions. They are separately treated for clarity and for their rôle in the orbit method. Examples of internal Hamiltonian actions are postponed to the next section.
Note that the isotropy groupoid I G of a (non-regular) Lie groupoid is not a smooth manifold. But for any G-orbit Gm ⊂ M the restriction I G | Gm is a smooth manifold. Hence I G ⊂ G is a continuous family of smooth manifolds in the subspace topology. Example 1.5 Consider the action of the circle SS 1 on the real plane R 2 by rotation. Let G = SS 1 ⋉ R 2 be the action groupoid over R 2 . The isotropy groupoid is a continuous bundle of Lie groups with fiber SS 1 at (0, 0) and zero fiber elsewhere.
If G is a regular Lie groupoid then I G is a smooth bundle of Lie groups. Let π : A(I G ) → M be the smooth bundle of Lie algebras associated to I G . It is naturally isomorphic to the kernel ker(ρ) of the anchor ρ : A(G) → T M of the Lie algebroid of G. Suppose that (π : A → M, ρ) is a regular Lie algebroid that acts on a smooth bundle of symplectic manifolds (J : S → M, ω). Denote the action by α : Γ ∞ (A) → X Remark 1.8 One should think of α ′ (X) ω as a cohomological obstruction to the existence of a momentum map. One has the following diagram
where α ω(X) := α(X) ω and the right diagonal arrow denotes the induced map on the quotient space. The vanishing of this map is a necessary condition for α ω to lift to a map µ.
Definition 1.9 A symplectic Lie groupoid action is internally weakly Hamiltonian if the associated Lie algebroid action is internally weakly Hamiltonian.
Before we give examples of such actions we shall in the next section introduce the notion of internally strongly Hamiltonian actions.
The coadjoint action and internal momentum maps.
In this section we introduce the notion of internally strongly Hamiltonian actions and treat several examples. Let G be a regular Lie groupoid and I G the associated isotropy Lie groupoid. Recall that G acts (from the left) on
The action by conjugation induces an action of G on the family of Lie algebras ker(ρ) ≃ A(I G ) by
where X ∈ A(I G ) m and g ∈ G m for any m ∈ M . This action is called the adjoint action of G and is the generalization of the adjoint action for Lie groups. In turn this induces the adjoint action of the Lie algebroid
This also sometimes called the Bott representation. In general, for non-regular Lie groupoids, a Bott representation is given by ad restricted to a sub-Lie algebroid V of A, such that V ⊂ ker(ρ).
Example 1.10 A simple example is the pair groupoid G = M × M . Conjugation is given by c((m, n), (n, n)) = (m, m). The kernel of the anchor is the zero bundle hence Ad is trivial on the fibers and ad : T M → M × {0} is the zero map.
Remark 1.11
There is also the notion of an action up to homotopy (cf. [9] ). It turns out that the map ad(X)Y := [X, Y ] defines an action up to homotopy of A on itself. We shall not use this structure in our paper.
One defines the coadjoint action of G on the dual bundle A * (I G ) by
where ξ ∈ A * (I G ) m and g ∈ G m . Analogously, one defines the coadjoint action of 
Definition 1.13 A symplectic Lie groupoid action is internally (strongly) Hamiltonian if the momentum map µ : S → ker(ρ) * is G-equivariant with respect to the coadjoint action of G on ker(ρ)
Example 1.14 Suppose π : G → M is a smooth bundle of Lie groups G m := π −1 (m). Then, the isotropy groupoid I G equals G. Consider the associated smooth bundle of Lie algebras A(I G ) → M and its dual A * (I G ). Suppose G acts on a smooth bundle of symplectic manifolds S := m∈M S m → M . In this case, a momentum map is simply a continuous map S → A * (G) that restricts to a momentum map in the classical sense on each fiber. For example, a smooth bundle of coadjoint orbits S := {O m ⊂ A * (I G ) m } m∈M carries a Hamiltonian action (namely the coadjoint action). The inclusion S ֒→ A * (I G ) is an internal momentum map.
In particular, the previous example includes the classical case of a Hamiltonian action of a Lie group (which is a Lie groupoid over a point) on a symplectic manifold. Example 1.15 Suppose G is a regular Lie groupoid with associated Lie algebroid A. Consider a smooth bundle of coadjoint orbits
in the dual of the kernel of the anchor ker(ρ) * . The symplectic structure at m ∈ M is the standard symplectic form on a coadjoint orbit O mG ∩ ker(ρ) * m in the dual of the Lie algebra ker(ρ) m . The inclusion
is an internal momentum map for the coadjoint action on S which is therefore internally Hamiltonian. This is an important observation concerning the orbit method for Lie groupoids. We shall come back to it later. Example 1.16 Suppose H is a Lie group and π : P → M a principal H-bundle. Denote the action of H on P by α. Suppose H acts on a symplectic manifold (S, ω S ) in Hamiltonian fashion, with momentum map µ : S → h * . Denote the action of H on S by β. Let G denote the gauge groupoid P × H P over M . Define a smooth bundle of smooth manifolds by
The mapπ : [p, σ] → π(p) is well defined from S ′ to M and gives the bundle structure. The following observations and lemma will be necessary to endow S with the structure of a bundle of symplectic manifolds.
Note that, since P is a principal H-bundle, the infinitesimal action
is an isomorphism of smooth vector bundles. Moreover, it is equivariant with respect to the adjoint action of H on h, hence it induces a diffeomorphism 
where the equivalence relation is generated by
for all X ∈ h, n ∈ N , and where
Proof. Consider the tangent map
of the quotient map N → N/H. It is surjective and the kernel is spanned by the elements mentioned above as one easily checks.
Remark 1.18
One should compare this lemma to the fact that H acts on T * N in Hamiltonian fashion with "classical" momentum map µ : T * N → h * , and that the MarsdenWeinstein quotient satisfies
(cf. e. g., [12] ).
Applying this lemma to T S ′ = T (P × H S) one obtains
and restricting to the vertical tangent space one has
with the equivalence relation generated by
is again an isomorphism of smooth vector bundles. So we conclude that Tπ(P × H S) ≃ P × H T S.
We can define a structure of a smooth bundle of symplectic manifolds on S ′ via this isomorphism by
, for p ∈ P , σ ∈ S and v 1 , v 2 ∈ T σ S. This well defined, since ω is H-invariant by assumption. One easily sees that this indeed gives a non-degenerateπ-2-form on P × H S and that dπω = 0.
Consider the action of the gauge groupoid G = P × H P onπ : 
Proof. Note that the Lie algebroid associated to G is isomorphic to T P/H (cf. [16] , [19] ). Hence the dual of the kernel of the anchor is isomorphic to T * ,π P/H, which in turn is isomorphic to P × H h * using the map
induced by the infinitesimal action α * of h on T * P . We give the momentum map via this isomorphism as a map
This is indeed well-defined, since µ is by assumption H-equivariant, hencē
Dually to Tπ(P × H S) ≃ P × H T S we have an isomorphism
Finally, we check that for all X ∈ Γ(P × H h)
where the arrow on the second line refers to the isomorphism k and in the last line we again identify the action of TπP/H on P × H S with the action of P × H h on P × H S through the isomorphism TπP/H → P × H h. Finally we have to check equivariance of the momentum mapμ. This is immediate if we again identify TπP/H with P × H h and T * ,π P/H with P × H h * .
Example 1.20 Suppose π : E → M is a smooth vector bundle endowed with a Hermitian metric h : E π × π E → C. Let U (E) be the groupoid of unitary maps on the fibers {E m → E n } m,n∈M . It has a smooth structure induced from the smooth structure on E and the smooth structure on U (n) (cf. [19] ). There exists a smooth family of symplectic structures ω ∈ Ω 2 π (E), given by the imaginary part of h, after identifying T π E with π * E.
be the unitary frame bundle of E, i.e. the principal bundle of unitary maps of the trivial bundle M × C n to E, where n is the rank of E. It is wellknown that
given by the map (Ψ, z) → Ψ −1 (z). Moreover, one easily checks that the map
is an isomorphism of gauge groupoid of F U (E) with U (E). Hence,
Suppose ω ′ is the imaginary part of a Hermitian inner product on C n . The natural action of U (n) on (C(n), ω ′ ) is known to be Hamiltonian (cf. for example [12] ). So the proposition follows from Proposition 1.19, where the silent assumption was that ω is induced from ω ′ , as in the previous example.
Hamiltonian actions and momentum maps.
In this section we introduce Hamiltonian actions of Lie algebroids. A large part of the section will be devoted to examples justifying our terminology.
Let A be a Lie algebroid over M with anchor ρ. A smooth n-cochain on A is a
The space of smooth n-cochains is denoted C n (A). It is turned into a cochain complex by
The cohomology of the cochain complex is denoted H * (A) and is called the Lie algebroid cohomology of A.
Remark 1.22
This not the only type of cohomology one could associate to Lie algebroids, see e.g., [8] . The cohomology groups discussed here are also called the (generalized) de Rham cohomology of A. One could also define de Rham cohomology with coefficients in a Lie algebroid representation, but this is not needed in this paper.
A map of Lie algebroids Φ :
Suppose a regular Lie algebroid A acts on smooth fiber bundle J :
is given. This has the property
where A ⋉ J is the action algebroid associated to the action of A on J : S → M . Suppose the action is presymplectic. Using Cartan's homotopy formula this implies that
In particular
Hamiltonian if there exists a smooth mapμ : S → J * A * , satisfying
µ is called a momentum map for the action.
Remark 1.25 Condition (1.8) is called the prequantization condition and has to be satisfied for an action to be prequantizable. Condition (1.9) is called the quantization condition and has to be satisfied for an action to be quantizable. This the terminology will be justified in section 2 and 3 below.
Remark 1.26
Observe thatμ can be seen as a section Γ ∞ (A⋉J). The prequantization and quantization conditions state that it should be the simultaneous solution of an integration problem (1.8) for which α * ω ∈ H 2 (A⋉J) is the obstruction and a lifting problem (1.9) (which is an integration problem for each X) for which the map X → (α(X) ω)| T J S ∈ H 2 J (S) forms the obstruction. In particular, if these cohomology groups are zero, then all actions of A on J : S → M are Hamiltonian. There exist some vanishing result for Lie algebroid cohomology (cf. [5] ).
Lemma 1.27 If an action of A on (J : S → M,ω) is Hamiltonian, then it is internally strongly Hamiltonian.
Proof. Note that condition (1.9) implies that that the action is internally weakly Hamiltonian, with internal momentum map µ := i * •μ, where i : ker(ρ) → A is the inclusion. We compute the left hand side of the prequantization condition (1.8):
hence (1.11) expresses A-equivariance of µ. Hence the momentum map is a lift of an internal momentum map µ : S → J * ker(ρ) * , i.e. the diagram
Suppose A acts on (J : S → M,ω) in Hamiltonian fashion. Then we can form a perturbation ofω by certain exact forms without changing the fact that the action is Hamiltonian.
Proof. Define a momentum map byμ
One computes that Condition (1.8) is satisfied:
Idem dito for Condition (1.9)
Moreover, given a Hamiltonian action α of A on (J : S → M,ω) one can add a certain closed forms to the momentum map and it is still a momentum map. Hence, the chosen momentum map is not unique.
Lemma 1.29 Supposeμ is a momentum map and
is a momentum map for the action too iff dJ β = 0 and L α(X) β annihilates T J S for all X ∈ Γ(A).
Proof. The proof is a calculation similar to the proof of the previous lemma. 
Definition 1.30 An action of a regular Lie groupoid G on a continuous bundle of symplectic manifolds J : S → M is Hamiltonian if the induced action of the associated Lie algebroid
Example 1.33 Suppose F is foliation of a space M . Let G := Hol(M, F ) be the associated holonomy groupoid over M (cf. [24] ). The isotropy groupoid I G of G is a bundle of discrete groups. Indeed, G m m is the holonomy group Hol m (M, F ) of F at m for each m ∈ M . The Lie algebroid of Hol(M, F ) is the integrable distribution T F → M and the Lie algebroid of the isotropy groupoid is the trivial bundle M → M . The holonomy groupoid acts on M by the adjoint action, i.e. Ad(γ)m = n for any class of F -paths γ : m → n. Obviously, the identity
Suppose that there exists a F -partially closed 2-formω. Again, this is trivially a J-presymplectic form. An F -smooth section µ :
Example 1.34 Suppose a regular Lie groupoid
As a particular example of this, suppose M is a manifold endowed with a closed 2-form ω and Γ a connected Lie group with Lie algebra g. Suppose O ⊂ g * is a coadjoint orbit. Consider the trivial groupoid on M with fiber Γ, i.e. M × Γ × M with multiplication (k, h, n)(n, g, m) = (k, hg, m). It is the Cartesian product of M × M as a groupoid over M and Γ as a groupoid over a point. The associated Lie algebroid is T M ⊕ M × g. The inclusion of the coadjoint orbit i : O ֒→ g * is a momentum map for the coadjoint action of
is a momentum map for the Cartesian product. 
one has a commuting diagram
There exists an induced action of the groupoid on the mapJ given bỹ
Note that TJ p : Proof. We define a momentum map µ :
where η ∈ T * ,J1 N . Obviously the local statement (without equivariance) reduces to the well-known Lie group case. Moreover,
sinceα : A(G) → TJ 2 S commutes with minus the anchor for A(G). Finally, one computes the quantization condition (1.8),
where in the third line the Cartan homotopy formula is used and the fact that
This last statement is proven as follows. Observe that for fixed g ∈ G the commutative diagram
where we used the fact that T * ,J1 α(g) −1 =α(g) and τ = T * ,J p. Hence Lα (X) τ = 0. The statement follows by restriction.
Remark 1.37
In this example, T * ,J1 N can be interpreted as the phase space for a particle moving on a a manifold N with external forces restricting its movement to the foliation given byJ 1 . The symmetry of this phase space is represented by the groupoid action. Example 1.38 As a corollary of the previous example, every Lie groupoid G over M has three canonical Hamiltonian actions associated to it. Firstly, one has the action G on the base space M given by g · s(g) = t(g), with zero symplectic structure at each point m ∈ M . Secondly, consider the the action on T * ,t G → M , induced from the left action of G on t : G → M by left multiplication. Thirdly, one has the action on T * ,p I G induced from the conjugation action on p : I G → M . This last one is, of course, related the coadjoint action of G on ker(ρ) * ⊂ T * ,p I G , which is Hamiltonian.
Example 1.39
Consider the situation of Example 1.16, in which a Lie group H acts in a Hamiltonian fashion on a symplectic manifold (S, ω S ), with momentum map µ : S → h * . Suppose π : P → M is a principal H bundle. Proposition 1.19 states that the action of the gauge groupoid G = P × H P on J :
(S). Then we shall see that the action of the gauge groupoid P × H P is Hamiltonian with respect to a well-chosen momentum map.
Suppose τ ∈ Γ ∞ ( 1 (P ) ⊗ h) is a Lie algebra-valued connection 1-form on P . After
where F is the h-valued curvature 2-form on P .
by H-equivariance of τ and µ.
We shall omit here the proof thatω is closed since we shall later see that it is the curvature 2-form of a connection on a line bundle over P × H S. Obviously,ω restricts to ω on the vertical tangent space.
Proposition 1.41
The action of the gauge groupoid
Proof. Define a momentum mapμ :
where µ is the momentum map for the action of H on (S, ω S ). This is well-defined, since
One easily sees thatμ restricts toμ (cf. Example 1.16) on the vertical tangent space. For H-equivariant vector fields w 1 , w 2 on P , we compute
where the second equality follows from the curvature formula
the third equality follows from H-equivariance of µ and the last equality follows from the fact that µ is a momentum map. Hence one has d A⋉Jμ = γ * ω , where γ denotes the action of P × H P on P × H S.
We check the quantization condition (1.9) forμ. Identify
as in Example 1.16. For w ∈ X(P ) we compute
from which we conclude that 
Prequantization of Hamiltonian Lie algebroid actions 2.1 Representations of Lie algebroids on vector bundles.
In this section we introduce the notion of a representation of a Lie algebroid with a possible different base manifold and we discuss the relation of these representations with representations of the action Lie algebroid.
is an action of A on J : S → M . Suppose E → M is a smooth vector bundle over S. Let D(E) be the Lie algebroid whose sections are first-order differential operators D on E → S that for all f ∈ C ∞ J (S) and σ ∈ Γ ∞ (E) satisfy
, which is the anchor (see [19] ). Suppose (p : A → M, ρ) is a Lie algebroid. Remark 2.2 This is a more general notion of a representation than usual, in the sense that we allow a base manifold which is not M . We shall see that prequantization defines a representation in this way. Quantization gives a representation in the narrow sense, i.e. on a smooth vector bundle over M .
Proposition 2.4 Any Hermitian representation of a Lie algebroid
where α is the action of A on J :
The proof follows from the following lemma. 
Proof. Let ∇ E be any Hermitian connection on E. It is well known that such a connection always exists. Consider the associated A-connection defined by∇ : X → ∇ ρ(X) . Now,
) by the Serre-Swan theorem.
Isomorphism classes of smooth complex line bundles on a manifold S form a group PicJ (S) under the tensor product, with the trivial rank one line bundle as a unit, and inverse
One can extend this structure to the set of isomorphism classes of Hermitian A-representations on smooth complex line bundles. The product of
and the inverse is given by
The Hermitian structure on the tensor product
Definition 2.6 The Hermitian Picard group Pic A (S) of the Lie algebroid A is the group of isomorphism classes of Hermitian rank one representations of A, with product and inverse as described above.
Proposition 2.7
There is an exact sequence of groups
Proof. The second arrow sends a closed section µ ∈ Γ ∞ ((A ⋉ J) * ) to the representation X → α(X)− 2πi µ, X on the trivial line bundle. This is well-defined and injective: suppose
. Using the Leibniz rule and
for all X ∈ Γ ∞ (A). Thus the two representations are isomorphic iff there exists an f ∈ C
The third arrow forgets the representation, so the sequence is exact at Pic A (M ). The last arrow is the first A-Chern class map α * K. If it is zero in
Remark 2.8 One can generalize the notion of (higher) Chern classes of complex vector bundles to characteristic classes for complex representations of Lie algebroids (cf. [5] ).
Prequantization line bundles and longitudinalČech cohomology.
In this section we shall discuss how the class of a J-presymplectic
determines a class in the longitudinalČech cohomology. This cohomology is defined analogously to the usualČech cohomology (cf. [2] ). Then we given a criterion forω to be the curvature of a Hermitian connection on a complex line bundle. Suppose S is foliated by the fibers of a mapJ : S → M/G. Suppose U is a countable good foliation covering for S (i.e. for all U ∈ U the foliation restricted to U is diffeomorphic to a contractible open subset of R q × R n−q , where n = dim(M ) and q the dimension of the foliation. Let I be a countable ordered index set for U. Denote the intersection of k sets
(U, R) be the vector space of smooth functions on (k + 1)-fold intersections U i1,...i k+1 (where i 1 < · · · < i k+1 ) which are locally constant along the leaves of the foliation byJ. Define a map
by the usual formula
One checks that δ 2 = 0. The cohomology of the complex is longitudinalČech cohomology and is denoted byȞ * J (S, R) Consider the generalizedČech-de Rham double complex defined by
the straightforward generalization of (2.12) and
the restriction of dJ to the (k + 1)-fold intersections. The augmented double complex (ignore the fact that some arrows are dotted), partly shown here, The proof is analogous to the proof with the usualČech-de Rham complex (cf. [2] ).
(S) be the class of a J-presymplectic form. We shall concretely realize the above isomorphism to associate a degree 2 longitudinalČech cohomology class to [ω] . We shall follow the dotted arrows in the above diagram. Suppose U is a good foliation covering for S. Since dJω = 0, for each U j ∈ U there exists an η j ∈ Ω 1 J (U j ) such that dJ η j =ω| Uj .
Since for all U j , U k ∈ U we have dJ (η j − η k ) = 0 on the intersection U jk , there exists an f jk ∈ C ∞ (U jk ) such that dJ f jk = η j − η k . One easily checks that dJ f jk + dJ f kl − dJ f jl = 0 on U jkl and δ(a jkl ) = 0. Hence
There is an obvious definition of longitudinalČech cohomologyȞ * J (U, Z) with values in Z. We call a class [ω] ∈ H From this formula one computes, using the Leibniz rule for connections, that
One can easily show that the fact that ∇ is Hermitian implies that the function f jk must be real-valued. Hence for all j, k ∈ I c jk = e 2πi((f jk +d jk ) , for a function d jk : U jk → R locally constant along the leaves. The
. From the fact that c jk c kl c This defines is a cocyle, since a jkl is integral, which gives a smooth complex line bundle
where the equivalence relation is given by U j × C ∋ (m, z) ∼ (m, c jk z) ∈ U k × C whenever m ∈ U jk . The connection is given by
where s j denote section U j × C which is constantly equal to 1. The Hermitian structure is given by h((m, z 1 ), (m, z 2 )) = z 1z2 .
A computation proves that ∇ is Hermitian with respect to h.
Prequantization representations.
In this section we prove that under suitable assumptions there exists a prequantization representation associated to a Hamiltonian Lie algebroid action. Next, we discuss some examples and some properties of the prequantization representation. Finally we introduce a certain Picard group associated to Lie algebroid representations on line bundles and show that there exists an exact sequence involving this Picard group. Suppose a regular Lie algebroid A over M acts on a smooth map J :
(S) denote the action. Suppose that S is endowed with a J-presymplectic J-2-formω ∈ Ω 2 J (S). Suppose that the action is Hamiltonian (actually one only needs the prequantization condition (1.8)) with momentum map
Suppose, furthermore, that there exists a smooth complex line bundle L → S with a Hermitian metric h and aJ-partial Hermitian connection ∇ L , such that the curvature J-2-
is called a prequantization of the Hamiltonian action of A on (J : S → M,ω). We have seen in Theorem 2.10 that a prequantization exists if and only if the cohomology class ofω is integral.
Theorem 2.11 There exists a Hermitian representation of the Lie algebroid
Note that this formula is a generalization of the well-known Kostant formula in classical prequantization theory. The fact that it also applies to Lie algebroids was also used in [37] .
So π is a homomorphism of Lie algebroids. The representation being Hermitian is proven by computation. For σ, τ ∈ Γ ∞ (L) and
since the connection is Hermitian and metric h sesquilinear.
Definition 2.12
The above representation π is the prequantization representation of the Hamiltonian action of A on J : S → M .
Example 2.13
The tangent bundle T M of a smooth manifold M is a Lie algebroid over M . It trivially acts on J = id : M → M . The prequantization procedure boils down to a standard situation in differential geometry. Suppose M is endowed with an integral closed 2-formω ∈ Ω 2 (M ) (the J-presymplectic form). As we have seen, a momentum map for this action is a 1-form µ ∈ Ω 1 (M ) satisfying dµ = −ω. A prequantum line bundle is a complex line bundle L → M endowed with a Hermitian connection ∇ whose curvature equals ω. The prequantization representation of A = T M is the flat connection ∇ − 2πiµ.
For an integrable distribution as a Lie algebroid and its associated foliation F (cf. Example 1.33) a similar reasoning holds with the differential d replaced by a partial differential along the leaves of the foliation F . Example 2.14 Suppose p : g → M is a smooth bundle of Lie algebras g m (m ∈ M ) as in Example 1.14. Suppose it acts in a Hamiltonian fashion on a smooth bundle J : S → M of coadjoint orbits S m := O m ⊂ (g) * m . Then the inclusion S → g * is a momentum map. We have a prequantization line bundle if we can paste prequantization line bundles L m → S m for each g m into a smooth bundle L → M . A representation on L → M is then given by X → ∇ ad * X − 2πi μ, J * X , whereμ : S → g * is the inclusion.
Example 2.15 Let a Lie group H act on a symplectic manifold (S, ω S ) in Hamiltonian fashion, with momentum map µ : S → h * , and let π : P → M be a principal bundle endowed with an h-valued connection 1-form τ . The connection induces a decomposition of T P into a direct sum H ⊕ V of a horizontal bundle H := ker(τ ) and a vertical bundle V := ker(T π). In Example 1.39 we defined a J-presymplectic 2-formω on S ′ := P × H S and proved that the action of the gauge groupoid
) is a prequantization for the action of H on S. Consider the line bundle P × H L → P × H S. We shall show that this forms a prequantization line bundle for the action of P × H P on S ′ . Firstly, we shall explain the line bundle structure on π :
is well-defined, since π L is H-equivariant. Addition is defined by finding representatives with equal first entry (this is always possible) and then adding the second entry, i.e.
[p,
Scalar multiplication is defined by scalar multiplication on the second entry
is represented by a pair (θ 1 , θ 2 ) of H-equivariant maps θ 1 : P × S → P and θ 2 : P × S → L, such that θ 1 (p, σ) = h ′ (σ)p for some map h ′ : S → H, and π L θ 2 equals the projection P ×S → S. Indeed, this is the case iff (θ 1 , θ 2 ) :
) is a prequantization for the action of h on (S, ω S ), the curvature of ∇ L equals ω S and the representation of h on Γ ∞ (L) is given by Kostant's formula
We identify T (P × H S) ≃ (T P × H T S)/∼, cf. Example 1.16. For each H-equivariant vector field v on S and each H-equivariant vector field w on P , let [v, w] denote the vector field induced on P × H S.
and τ h (w) ∈ H is the horizontal projection w − α(τ (w)) of w. Suppose that H is connected (we need this for equivariance of the connection ∇ L , cf. Corollary 2.20).
Lemma 2.16 ∇ is a connection on P × H L with curvatureω.
Proof. First we check that ∇ is well-defined. Indeed, ∇ [α(X),β(X)] = 0, since τ (α(X)) = X and τ h (α(X)) = 0 and
by H-equivariance of θ, ∇, w, v, β, α and τ .
It is easy to check that ∇ is a connection. For example, for an H-invariant function f ∈ C ∞ (P × S) H one computes w2) ) , and in the same way we obtain
We shall also need that
as follows from H-equivariance of w 1 , w 2 , v 1 and v 2 .
On the other hand,
Using the well-known formula
we continue the calculation of (2.14)
Note that θ 2 is equivariant, hence for any X ∈ h one has
In particular, this is true for X = F (w 1 , w 2 ).
Subtracting the identity (2.15) from (2.13) one obtains the curvature, using all the given equalities, namely
This is well-defined since the representation of H on L is unitary.
Lemma 2.17 The connection ∇ on P × H L is Hermitian with respect to Hermitian metric
Proof. This follows by computation: (in the notation introduced previously and θ = (θ 1 , θ 2 ),
where in the third line we used the fact that ∇ L is Hermitian and in the last that θ 1 , θ 2 , θ
Note that in Lemma 2.16 we have used the H-equivariance of the connection ∇ L . We shall now prove a more general result for source-connected Lie groupoids.
Lemma 2.19
The connection ∇ on L is A-equivariant.
Proof. One computes for any
which means exactly that ∇ is A-equivariant.
The corollary that we tacitly used in the proof of Lemma 2.16 (in the particular case that G is a Lie group) is 
Proof. Choose a connection ∇ ′ on A. Then there exists an exponential map exp ∇ ′ : A → G (cf. [16] ) Differentiating the expression
at τ = 0 gives the equality in the proof above.
Integrating a prequantization representation of a Lie algebroid.
In this section we discuss the integrability of Lie algebroid representations. In particular, we consider the examples from the previous section.
Not every Lie algebroid integrates to a Lie groupoid. Precise conditions for the existence of an integrating Lie groupoid for a given Lie algebroid are given in [7] . Suppose A is a Lie algebroid and α ′ : A ⋉ J → D U (L) a Hermitian representation (e.g., obtained by prequantization). One would like to integrate such a representation to a representation of a Lie groupoid which has associated Lie algebroid A. Definition 2.21 A representation of a Lie groupoid G over M on a smooth vector bundle E → M is a smooth action of G on π :
and π(g, e + f ) := π(g, e) + π(g, f )
for all g ∈ G and e, f ∈ E s(g) .
Remark 2.22 This notion generalizes the notion of H-equivariant vector bundle or linearization of an H-action for a a Lie group H.
The representation π is unitary with respect to a Hermitian metric h on E if it preserves h, i.e. h(π(g, e), π(g, f )) = h(e, f ), for all g ∈ G and e, f ∈ E s(g) . A representation π can equivalently be given by a map G → U (E), where U (E) is the Lie groupoid of linear unitary maps E m → E n for all m, n ∈ M (it has a natural smooth structure, cf. [19] ).
Remark 2.23
More generally one could consider continuous unitary representation on continuous fields of Hilbert spaces. This theory is studied in [1] .
Suppose G acts on a map J : N → M . Suppose E → N a complex smooth vector bundle endowed with Hermitian structure h.
Definition 2.24 A (unitary)representation of G on a smooth vector bundle E → N is a (unitary) representation of the action groupoid
Suppose A is integrable and J : S → M is proper, then by Proposition 3.5 and Proposition 5.3 in [23] the representation π : A ⋉ J → D(E) of the Lie algebroid A on the vector bundle E → S integrates to a unitary representation G ⋉ J → U (L) of the source-simply connected integrating Lie groupoid G of A on E → S. The condition that J is proper will also arise in the next section for the quantization procedure. Note therefore, thatπ does not depend on the chosen connection τ .
Proof.
Suppose that w ∈ X ∞ (P ) is H-equivariant. It represents a smooth section in
from which the lemma follows.
3 Quantization and symplectic reduction 3.1 Quantization through Kähler polarization.
In this section we introduce Kähler quantization for Hamiltonian Lie algebroid actions. Next, we discuss the examples which we have been considering throughout the paper.
Suppose a regular Lie algebroid (p : A → M, ρ) acts in Hamiltonian fashion on a smooth surjective submersion J : S → M , with a J-presymplecticJ-2-formω ∈ Ω 2J (S), wherẽ
In this section we shall make the additional assumption that J : S → M is a smooth bundle of compact connected Kähler manifolds, i.e. S m is a complex manifold for each m ∈ M and S is endowed with a smooth Hermitian metric
whose imaginary part equals the symplectic J-2-form ω. Denote the complex structure on S by j :
Our final assumption is that the complex structure j is A-equivariant, in the sense that 
We call the sections in ∆ Q (S,ω) holomorphic. The space ∆ Q (S,ω) has the structure of a
where {Ω m } m∈M is a smooth of measures on J : S → M defined by
and h is the hermitian metric on L → S. Hence, it corresponds to a continuous field of Hilbert spaces. Actually, the rank is constant, hence it is a vector bundle.
Theorem 3.3 The geometric quantization ∆ Q (S,ω, h) induces a vector bundle over M carrying a Hermitian representation of A.
Proof. The fiber of the vector bundle at m is given by
which is finite-dimensional, since S m is compact. The sections of the total bundle can obviously be identified with ∆ Q (S,ω). We check that the representation π of A restricts to ∆ Q (S,ω). Suppose ∇ v σ = 0 for all v ∈ P(S, j). Note that A-equivariance of j implies that [α ′ (X), v] ∈ P(S, j) whenever v ∈ P(S, j). Indeed, suppose v ∈ P(S, j) and X ∈ Γ ∞ (A) then
Hence, the ∆ Q (S,ω) is A-invariant: for σ ∈ ∆ Q (S,ω)
by the quantization condition (1.9). Unitarity of the representation follows from unitarity of the prequantization representation.
We denote the vector bundle carrying the representation of A obtained by quantization by Q(S,ω), in which we omit many of the other ingredients (μ, L, ∇ L , h, B, j) needed in the process of quantization. 
Example 3.7
Suppose H is a Lie group that acts in Hamiltonian fashion on a symplectic manifold (S, ω S ) with momentum map µ. Suppose (L, ∇ L , h) is a prequantization of this action. Furthermore, suppose that P is a principal H-bundle, endowed with an h-valued connection 1-form τ . In Example 1.39 it was shown that there exists a closed formω on S ′ := P × H S, such that the action of the gauge groupoid P × H P on (S ′ ,ω) is Hamiltonian. In Example 2.15 it was shown that there exists a prequantization (P × H L → P × H S, ∇, h ′ ) of this action.
Suppose that S is a compact Kähler manifold with H-equivariant complex structure j : T S → T S and Hermitian metric B.
Lemma 3.8 The complex structure j induces a P × H P -equivariant family of complex structures
Proof. We shall use the isomorphism T J (P × H S) ≃ P × H T S from Proposition 1.19. Define the complex structure as a map j
This is obviously a complex structure:
which is P × H P -equivariant by the computation
From the lemma we conclude that J : S ′ → M is a family of Kähler manifolds. So there exists a Kähler quantization Q(S ′ , j ′ ) of the prequantization
of the action of P × H P on (S ′ ,ω). Let Q(S, j) denote the representation obtained by quantization of the action of H on S with prequantization (L, ∇ L , h). The associated vector bundle P × H Q(S, j) → M carries a canonical representation of P × H P .
Proposition 3.9 The vector bundle
Proof. Note that by definition there is a bijection between sections of Q(S ′ , j ′ ) → M and holomorphic sections of P × H L → P × H S.
Lemma 3.10 There exists an isomorphism of vector bundles
where
is thought of as a vector bundle with fiber at m given by
Proof. A bundle morphism Ψ :
The map Ψ is obviously linear. A two-sided inverse is as follows.
for a chosen p ∈ P . Straightforward calculations using the equivariance of θ 1 and θ 2 show that this is independent of the choice of p ∈ P m and that Ψ • Φ = 1 and Φ • Ψ = 1.
On sections one obtains, for a smooth map (m, σ) → η m σ from M × S to Q(S, j) and a smooth section ξ ∈ Γ ∞ (P ), a smooth section
One easily checks that the sections
is polarized for each p ∈ P , we have
by equivariance of ∇ L . The reverse statement is proven by the same formula.
Remark 3.11
We shall sketch a more general view of geometric quantization based on e.g., [18] and [11] . If the line bundle L → S is positive enough, then the quantization Q(S,ω) equals the index of a continuous G-equivariant family of Dolbeault-Dirac operators
constructed from the connection ∇ L on the line bundle L → S and the family of complex structures on S.
For now, suppose that G is locally compact, σ-compact, endowed with a Haar system and that the action of G on S is proper. Then this family of Dolbeault-Dirac operators gives rise to a cycle in Kasparov's G-equivariant bivariant K-theory
The Baum-Connes analytical assembly map for groupoids (cf. e.g., [3] , [30] or [27] ) A different way to look at geometric quantization is to define µ([D]) to be the geometric quantization (S,ω). Under certain conditions, including G being a proper groupoid, K 0 (C * r (G)) is isomorphic to the representation ring of G (cf. [31] ). Hence, geometric quantization in this sense will then still yields a representation of G. This approach gives new possibilities to generalize geometric quantization. Instead of requiring J : S → M to be a bundle of Kähler manifolds, one requires J : S → M to be endowed with a G-equivariant family of spin c -structures. One then proceeds by defining the geometric quantization as the image under the analytical assembly map of KK-cycle defined by the associated family of spin c -Dirac operators coupled to the prequantization line bundle. This generalizes the notion of family quantization (cf. [39] ).
Symplectic reduction.
In this section we discuss a generalization of symplectic reduction to our setting. We reduce in stages, first internal symplectic reduction, then the entire symplectic reduction.
Suppose G is a source-connected regular Lie groupoid. Suppose α is an internally strongly Hamiltonian left action of G on a smooth bundle of connected symplectic manifolds (J : 
is a smooth bundle of symplectic manifolds.
Proof.
The zero space at σ of the restricted J-2-form i * ω equals exactly the space α(A(I G )) σ , for each s, hence there exists a well-defined J-2-form ω
Definition 3.13
The smooth bundle of symplectic manifolds
is called the internal Marsden-Weinstein quotient of the internally Hamiltonian groupoid action.
Example 3.14 In the case of a smooth bundle of Lie groups acting on a smooth bundle of symplectic manifolds the internal Marsden-Weinstein quotient is simply the smooth bundle of Marsden-Weinstein quotients of the isotropy groups on the fibers (cf. [39] ).
Example 3.15
Suppose H is a Lie group acting on a symplectic manifold (S, ω S ) in Hamiltonian fashion, with momentum map µ. Suppose P is a principal H-bundle, endowed with a connection τ ∈ Γ ∞ ( 1 (P ) ⊗ h). Then P × H P acts on (P × H S,ω) in Hamiltonian fashion
Lemma 3.16 The internal Marsden-Weinstein quotient
induces the symplectomorphism as one easily shows using Example 1.16.
We now turn our attention to the entire quotient.
Lemma 3.17 The map
is a continuous family of symplectic manifolds.
Remark 3.18
Note that the space G\M is in general non-Hausdorff.
Proof.
Since the momentum map µ : S → A * (I G ) is equivariant and since for every g ∈ G n m one has Ad * (g)(0(m)) = 0(n), the smooth isomorphism α(g) : S m → S n restricts to an smooth isomorphism α(g) :
There is a well-defined action.
. Actually,ᾱ(g) =ᾱ(h) for all g, h ∈ G n m , as one checks by a similar computation. This action is not continuous, in general.
The mapsᾱ(g) give an equivalence relation on I G \µ −1 (0 M ) and the quotient obviously equals G\µ −1 (0 M ). For every g ∈ G, the mapᾱ(g) is a symplectomorphism, since α(g) is a symplectomorphism. Hence there exists a canonical symplecticJ -2-form ω 0 on G\µ −1 (0 M ), whereJ is the the induced map G\µ 
Quantization commutes with reduction.
Suppose G is a source-connected regular Lie groupoid over M . Suppose π : G → U (E) is a unitary representation of G on a vector bundle p : E → M with hermitian structure h. Define the smooth vector bundle E IG → M of I G -fixed vectors by
Note that the restriction of E IG to a G-orbit in M is a smooth vector bundle, but the dimension may vary on different orbits. One easily checks that E IG is closed under G. Indeed, for g ∈ G n n , h ∈ G n m and e ∈ E IG m one has
Definition 3.21
The vector bundle E IG → M is called the internal quantum reduction of π : G → U (E).
By similar reasoning as above, the restriction of π to a map
for all g, g ′ ∈ G n m , n, m ∈ M and e ∈ E IG m .
Suppose G acts in Hamiltonian fashion on a bundle of compact connected Kähler manifolds J : S → M endowed with a J-presymplectic formω, such that the complex structure j and Hermitian metric h are G-equivariant. Denote the momentum map byμ : S → J * A * . Consider the internal Marsden-Weinstein quotient (µ
This is a strong condition, which is satisfied if the action of I G on S is free. The line bundle L 0 has an induced prequantization connection ∇ 0 , since ∇ L is G-equivariant (cf. Corollary 2.20) and it has an induced Hermitian metric h 0 . The triple (L 0 , ∇ 0 , h 0 ) is a prequantization of the Hamiltonian action of R G on the smooth bundle of symplectic manifolds (
0 . Moreover, the Kähler structure on S → M induces a Kähler structure on
Theorem 3.22 If G is a proper regular Lie groupoid, then quantization commutes with internal reduction, i.e. there exists an isomorphism of vector bundles
Remark 3.23 Note that for each m ∈ M one can restrict the action of G on J : S → M to a Hamiltonian action of the isotropy Lie group G m m on (S m , ω| Sm ). Likewise, the momentum map, prequantization data, Kähler structure all restrict to S m , and hence give rise to a quantization commutes with reduction statement as in the theorem for G m m , which is compact since G is proper. This theorem was first formulated and proven for compact Lie group action by Guillemin and Sternberg (cf. [10] ) and also goes under the name of "Guillemin-Sternberg conjecture". It is proven, in a more general form using spin c -Dirac operators, for compact Lie groups by Meinrenken (cf. [21] ), Tian and Zhang (cf. [29] ) and Paradan (cf. [26] ). For certain non-compact groups it is proved, in a somewhat different form using K-theory and K-homology (cf. Remark 3.11), by Hochs and Landsman (cf. [13] ). For families the theorem was proven in [39] , also within the setting of spin c -Dirac operators and K-theory.
Remark 3.24 If the theorem holds, then the following diagram "commutes":
where R denotes symplectic and quantum reduction and Q quantization. One sometimes abbreviates the theorem by writing [Q, R].
Proof. We shall construct a morphism
where the superscript I G means that we restrict to equivariant sections. These are the sections fixed under the action of I G on Γ ∞ (L) as a bundle over M . Moreover, the quotient map p :
Because of the equivariance of the Kähler structure and the connection the composition (
which is the one we wanted to construct. This map is an isomorphism on each fiber (see the above remark), since the isotropy groups of a proper groupoid are compact. Hence Ψ is a continuous isomorphism of vector bundles.
Example 3.25
Suppose H is a Lie group acting in Hamiltonian fashion on a Kähler manifold (S, h, j, ω S ). Suppose π : P → M is a principal H bundle and τ ∈ Γ ∞ ( 1 (P ) ⊗ h a connection 1-form. As discussed in previous examples there exist a J-presymplectic formω on P × H S → M and the action of the gauge groupoid
) is prequantization of the action of H on S. Let Q(S, j) denote the associated quantization. In Example 3.7 we have seen that the prequantization and quantization of the H-action on S give rise to a prequantization (P × H L, ∇, g ′ ) and a quantization Q(P × H S, j ′ ) of the action of the gauge groupoid P × H P on (P × H S → M,ω). In Example 3.15 we saw that the internal Marsden-Weinstein quotient is isomorphic to the trivial bundle (M × µ −1 (0)/H → M, ω 0 ). The quantization of this bundle obviously equals the trivial vector bundle M ×Q(µ 
Proof.
In Example 3.7 we proved that
, p] ∈ I P ×H P whenever ξ is fixed under all h ∈ H. Hence the statement follows.
Suppose π : G → U (E) is a unitary representation of G on a vector bundle E → M with hermitian structure.
Definition 3.27
The quantum reduction of π : 
As a (very) basic example we consider the pair groupoid M × M over a manifold M , acting on (M, 0). Recall that quantization and prequantization line bundles coincide in this case. The only quantization representation of T M that integrates to a representation of M × M is the trivial representation on the trivial complex line bundle M × C → M . Obviously, the quantum reduction of such a bundle is C → * . The MarsdenWeinstein quotient is ( * , 0), which indeed is quantized by C.
The orbit method.
To illustrate the orbit method we treat some examples in this section. A representation of Lie groupoid G or Lie algebroid A is said to be irreducible if is has no proper G-(or A-)invariant subvector bundle. An ideal orbit method would give a bijective correspondence between smooth irreducible unitary representations of G and smooth bundles of coadjoint orbits of G in A(I G ) * = ker(ρ) * . This is not always the case for regular Lie groupoids. Still the orbit philosophy is useful for many Lie groupoids, even non-regular. Example 3.30 Suppose H is a Lie group and P → M an H-principal bundle. The isotropy groupoid of the gauge groupoid P × H P is isomorphic to P × H H, where the action of H on H is by conjugation. Indeed, define a map
where qp −1 is the unique element in H such that (qp −1 )p = q. This is well-defined, since
. Hence the bundle of Lie algebras A(I P ×H P ) is isomorphic to P × H h, where the action of H on h is the adjoint action. Moreover, the dual bundle A(I P ×H P )
* is isomorphic to P × H h * , where the action of H on h is the coadjoint action. From a coadjoint orbit O ⊂ h * one can construct a bundle P × H O ⊂ P × H h * , which is easily seen to correspond to a coadjoint orbit in A(I P ×H P ) * .
Lemma 3.31 All coadjoint orbits of the gauge groupoid P × H P are isomorphic to
If we choose a connection on P , then we can extend the symplectic structure onÕ to a J-presymplectic form, such that the action of the gauge groupoid is Hamiltonian. In Proposition 2.27 we proved that the quantization of this action does not depend on the choice of connection. Actually, the representation of P × H P is obtained from quantization of the action of H on O by Morita equivalence (more on this in the next section). In general, since H and P × H P are Morita equivalent, there exists a bijection between irreducible unitary representations of H and irreducible unitary representations of P × H P . From the above lemma we see that there is also a bijection between the coadjoint orbit of H and P × H P . From this we conclude that for as far as the orbit method (using geometric quantization) works for H, it works for P × H P too. Hence, in particular, it works for P × H P with H a compact groups. The only smooth bundle of coadjoint orbits is the trivial one {0} × R 2 ≃ R 2 . This suggests that all smooth representations of G are trivial at the origin. Close inspection shows that this is indeed true. The only irreducible representation of G up to isomorphism is obtained by geometric quantization. Indeed, a J-presymplectic form is necessarily 0. Hence a smooth momentum map R 2 → A * (G) lifting the zero inclusion R 2 → A * (I G ) is given by (r, α) → (f (r, α), (r, α) ), where f is smooth and f (r, α) = 0 if r = 0 (using polar coordinates (r, α)). The prequantum line bundle L is necessarily the trivial one (since R 2 is contractible) and the prequantization(=quantization) representation
is given by (X, (r, α)) → (−2πif (r, α), X d dα ), which integrates to a representation
(β, (r, α)) → ((r, α + β), e 2πi(f (r,α+β)−f (r,α)) , (r, α)). The remarkable feature of this example is that one can allow a θ, and hence µ, which is not continuous at x = ±1, namely a fixed k ∈ Z on ]0, 1[ and 0 in ±1, and still find a continuous representation after integration:
This is a particular instance of the fact that the 2-sphere S 2 allows non-continuous vector fields which still induce homeomorphisms of S 2 . Realizing this fact, the orbit method does give the right prediction, allowing non-continuous families of coadjoint orbits at the special points ±1. · p) is a diffeomorphism G s × J P → P π × π P.
As a consequence π : P → N induces a diffeomorphism P/G ≃ N . The tangent bundle T J P of P has a smooth 'vertical' subbundle V := ker(T J π : T J P → TJ N ), whereJ : N → M/G is the map induced from J : P → M .
Definition 4.2 A connection on P is a horizontal subbundle H of T J P such that
A connection H on a principal G-bundle gives a map T J P → V by horizontal projection along H. Moreover, note that the action α : J * ker(ρ) → V is an isomorphism. Composing the horizontal projection and α −1 one obtains a map T P → J * ker(ρ),
i.e. a section τ ∈ Γ( 1 (P ) ⊗ J * ker(ρ), satisfying τ (α(X)) = X, τ (g · w) = Ad(g)τ (w), for all X ∈ A(G), w ∈ T p P and g ∈ G J(p) . In turn, a section τ with the above properties defines a connection H := ker(τ ) on P . In the special case that M is a point we obtain the classical notion of a connection on a principal bundle. A principal G-bundle π : P → N , J G : P → M gives rise to a smooth groupoid (P JG × JG P )/G over N , with the following structure maps For a later purpose we shall now prove the following lemma. Suppose P → N is a principal G-bundle for a regular Lie groupoid G over M . As we have seen above, H := (P J × J P )/G is a Lie groupoid over N . A nice point of view is to see the isomorphism class of P as a morphism G → H. This gives rise to a category of Lie groupoids (cf. [17] , [24] ). The unit G → G is (the isomorphism class of) G itself with composition as left action. A morphism in this category is called a generalized morphism of Lie groupoids and an isomorphism is called a Morita equivalence of Lie groupoids.
We can conclude from the above that 
